Abstract. We provide notions of numerical e¤ectiveness and numerical flatness for Higgs vector bundles on compact Kähler manifolds in terms of fibre metrics. We prove several properties of bundles satisfying such conditions and in particular we show that numerically flat Higgs bundles have vanishing Chern classes, and that they admit filtrations whose quotients are stable flat Higgs bundles. We compare these definitions with those previously given in the case of projective varieties. Finally we study the relations between numerically e¤ectiveness and semistability, establishing semistability criteria for Higgs bundles on projective manifolds of any dimension.
Introduction
Numerical e¤ectiveness is a natural generalization of the notion of ampleness: a line bundle L on a projective variety X is said to be numerical e¤ective (nef ) if c 1 ðLÞ Á ½C f 0 for every irreducible curve C in X . A vector bundle E is said to be nef if the hyperplane bundle O PE ð1Þ on the projectivized bundle PE is nef. A definition of numerical e¤ectiveness can also be given in the case of Hermitian or Kähler manifolds in terms of (possibly singular) Hermitian fibre metrics.
The classification of the complex projective varieties or compact Kähler manifolds whose tangent bundle is numerically e¤ective [9] , [6] yields a far-reaching generalization of the Hartshorne-Frankel-Mori theorem, the latter stating that the complex projective n-space is the only projective n-variety whose tangent bundle is ample. Manifolds whose cotangent bundle is nef were studied by Kratz [19] .
The concept of nefness may also be used to provide a characterization of semistable bundles. Several criteria of this type have appeared recently [5] , [2] , [3] , all generalizing p : PE ! X is the projection. Also results by Gieseker [14] , generalized in [5] , [4] , relate the notions of nefness and semistability.
A notion of nefness for Higgs bundles was introduced [4] in the case of projective varieties, and the basic properties of such bundles were there studied. In particular, it was proved there that numerically flat Higgs bundles (i.e., Higgs bundles that are numerically flat together with their duals) have vanishing Chern classes. One could stress here a similarity with the Bogomolov inequality: Higgs bundles that are semistable as Higgs bundles but not as ordinary bundles nevertheless satisfy Bogomolov's inequality.
The main purpose of this paper is to extend these constructions to the case when the base variety is a compact Kähler manifold. The guiding idea here is to give a definition of nefness in terms of fibre metrics on the bundles, following Demailly-Peternell-Schneider and de Cataldo [9] , [7] . One takes the Higgs structure into account by replacing the Chern connection associated with the fibre metrics by a connection (introduced by Hitchin [17] and later extensively used by Simpson [23] ) whose definition involves the Higgs field.
We now describe the contents of this paper. In Section 2, the Hitchin-Kobayashi correspondence for Higgs bundles is extended to a relation between semistability and the existence of approximate Hermitian-Yang-Mills structures. This will be used in the ensuing sections for our study of numerically e¤ectiveness of Higgs bundles. We also give GaussCodazzi equations associated with extensions of Higgs bundles.
In Section 3 we give our definition of numerically e¤ectiveness and prove several related basic properties. The main result of this section is a characterization of numerically flat Higgs bundles on Kähler manifolds as those Higgs bundles which admit a filtration whose quotients are flat stable Higgs bundles (flat in a sense to be specified later). This implies that the Chern classes of numerically flat Higgs bundles vanish. We also establish some relations between semistability and numerical e¤ectiveness.
In Section 4 we compare these results with our previous work in the case of projective varieties. This will also allow us to complete some of the results given in [4] . In particular, we provide new criteria for the characterization (in terms of the numerical e¤ectiveness of certain associated Higgs bundles) of those Higgs bundles on projective manifolds that are semistable and satisfy the condition DðEÞ ¼ c 2 ðEÞ À r À 1 2r c 1 ðEÞ 2 ¼ 0.
We give now the basic definitions concerning Higgs bundles. Let X be an ndimensional compact Kähler manifold, with Kähler form o. Given a coherent sheaf F on X , we denote by degðF Þ its degree
and if r ¼ rkðF Þ > 0 we introduce its slope mðF Þ ¼ degðF Þ r : Definition 1.1. A Higgs sheaf E on X is a coherent sheaf E on X endowed with a morphism f : E ! E n W X of O X -modules such that the morphism f5f : E ! E n W 2 X vanishes, where W X is the cotangent sheaf to X . A Higgs subsheaf F of a Higgs sheaf E ¼ ðE; fÞ is a subsheaf of E such that fðF Þ H F n W X . A Higgs bundle is a Higgs sheaf E such that E is a locally-free O X -module.
There exists a stability condition for Higgs sheaves, analogous to that for ordinary sheaves, which makes reference only to f-invariant subsheaves. Definition 1.2. A Higgs sheaf E ¼ ðE; fÞ on X is semistable (resp. stable) if E is torsion-free, and mðF Þ e mðEÞ (resp. mðF Þ < mðEÞ) for every proper nontrivial Higgs subsheaf F of E.
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Metrics and connections on semistable Higgs bundles
This section mostly deals with an application to Higgs bundles of the beautiful ideas underlying the so-called Hitchin-Kobayashi correspondence. Kobayashi and Lü bke [18] , [20] proved that the sheaf of sections of a holomorphic Hermitian (ordinary) vector bundle satisfying the Hermitian-Yang-Mills condition is polystable (i.e., it is a direct sum of stable sheaves having the same slope). A converse result was proved first by Donaldson in the projective case [10] , [11] , and then by Uhlenbeck and Yau in the compact Kähler case [25] ; they showed that a stable bundle admits a (unique up to homotheties) Hermitian metric which satisfies the Hermitian-Yang-Mills condition. One can also show that if an Hermitian bundle satisfies the Hermitian-Yang-Mills condition in an approximate sense, then it is semistable, while the converse may be proved if X is projective [18] .
Later Simpson [22] , [23] proved a Hitchin-Kobayashi correspondence for Higgs bundles. Given a Higgs bundle equipped with an Hermitian metric, one defines a natural connection (that we call the Hitchin-Simpson connection); when this satisfies the HermitianYang-Mills condition then the Higgs bundle is polystable, and vice versa (this connection was originally introduced by Hitchin in [17] ). Our main aim in this section is to show that whenever an Hermitian Higgs bundle satisfies an approximate Hermitian-Yang-Mills condition, then it is semistable. To this end we shall need to prove a vanishing result.
Main definitions.
Let E ¼ ðE; fÞ be a Higgs bundle over a complex manifold X equipped with an Hermitian fibre metric h. Then there is on E a unique connection D ðE; hÞ which is compatible with both the metric h and the holomorphic structure of E. This is often called the Chern connection of the Hermitian bundle ðE; hÞ. Now let f be the adjoint of the morphism f with respect to the metric h, i.e., the mor-
for all sections s, t of E. It is easy to check that the operator
defines a connection on the bundle E. One should notice that this connection is neither compatible with the holomorphic structure of E, nor with the Hermitian metric h. The constant c is related to the slope of E:
where n ¼ dimðX Þ and
As in the case of ordinary bundles, the semistability of a Higgs bundle may be related to the existence of an approximate Hermitian-Yang-Mills structure, which is introduced by replacing the Chern connection by the Hitchin-Simpson connection. Before doing that, we need to write the Gauss-Codazzi equations associated with an extension of Hermitian Higgs bundles.
2.2. Metrics on Higgs subbundles and quotient bundles. Given a rank r Higgs bundle E ¼ ðE; fÞ, let S ¼ ðS; f jS Þ be a rank p Higgs subbundle (thus, f jS ðSÞ H S n W X ). The quotient bundle Q has an induced Higgs field f Q , so that one has a quotient Higgs bundle Q ¼ ðQ; f Q Þ. If h is an Hermitian metric on E the orthogonal complement S
? is isomorphic to Q in the C y category, including the extra structure as Higgs bundles, so that one gets a C y decomposition of E into Higgs subbundles
Note that this endows the bundle Q with an Hermitian metric h Q .
Let e 1 ; . . . ; e p ; e pþ1 ; . . . ; e r be a local C y unitary frame field for E, such that the first p sections form a local unitary frame for S, and the last r À p ones yield a local unitary frame for S ? F Q. We shall use the following notation for the indices ranging over the sections of the various bundles: 1 e a; b; c e p; p þ 1 e l; m; n e r; 1 e i; j; k e r:
We introduce local connection 1-forms by letting
Let us furthermore set (ii) The map defined by A is a ð1; 0Þ-form with values in HomðS; S ? Þ.
(iii) The map B is a ð0; 1Þ-form with values in HomðS ? ; SÞ.
Proof. The first statement follows from the fact that S is a Higgs subbundle of E. So we have D ðE; hÞ ðe a Þ ¼ D ðS; h S Þ ðe a Þ þ Aðe a Þ. Since both connections satisfy the Leibniz rule, A is f -linear. The same is true for B. Moreover, D ðE; hÞ and D ðS; h S Þ have the same ð0; 1Þ part, namely, q þ f, so that A is of type ð1; 0Þ. Analogously, B is of type ð0; 1Þ. r
We want now to relate the curvatures of the Hitchin-Simpson connections on the Higgs bundles S and E (namely, we want to write the relevant equations of the GaussCodazzi type). Since (for simplicity we omit here the tensor product symbols and the ranges of summation over the indices)
one has R ðE; hÞ ðe a Þ ¼ R ðS; hÞ ðe a Þ þ ðB5AÞðe a Þ þ ðD ðS; hÞ AÞðe a Þ; ð4Þ
One may note that the forms A and B are the same as in the ordinary case, i.e., they do not carry contributions from the Higgs fields.
2.3. Approximate Hermitian-Yang-Mills structure and semistability. For later use, we extend to the Higgs case the relation between the existence of approximate HermitianYang-Mills structure and semistability. Given an Hermitian vector bundle ðE; hÞ, we introduce a norm on the space of Hermitian endomorphisms c of ðE; hÞ by letting
Definition 2.4. We say that a Higgs bundle E ¼ ðE; fÞ has an approximate Hermitian-Yang-Mills structure if for every positive real number x there is an Hermitian metric h x on E such that
The constant c is again given by equation (2) .
We want to prove the following result (this is proved in the case of vector bundles in [18] , VI.10.13). Theorem 2.5. A Higgs bundle E ¼ ðE; fÞ on a compact Kähler manifold admitting an approximate Hermitian-Yang-Mills structure is semistable.
We shall need as usual a vanishing result. Definition 2.6. A section s of a Higgs bundle E ¼ ðE; fÞ is said to be f-invariant if it is an eigenvector of f, that is, if there is a holomorphic 1-form l on X such that fðsÞ ¼ l n s. Let us set f ¼ hðs; sÞ and Lð f Þ ¼ Lðqqf Þ. By applying the operator L to the previous equation, we obtain, due to the hypotheses of this proposition (and to the fact that the 2-form dðl þ lÞ has no ð1; 1Þ part) Proof. If s is a nonzero f-invariant section of E, then it never vanishes on X since D ðE; hÞ ðsÞ ¼ 0 by Proposition 2.7. By the same proposition K ðE; hÞ ðs; sÞ ¼ 0, and this contradicts the fact that K ðE; hÞ is negative at some point. r Corollary 2.9. Let E ¼ ðE; fÞ be a Higgs bundle over X which admits an approximate Hermitian-Yang-Mills structure. If degðEÞ < 0 then E has no nonzero f-invariant sections.
Proof. Since E admits an approximate Hermitian-Yang-Mills structure, for every x > 0 there exists an Hermitian metric h x on E such that
with c < 0. Then for x small enough K ðE; h x Þ is negative definite, and the result follows from the previous corollary. r Proof of Theorem 2.5. Assume that E admits an approximate Hermitian-YangMills structure and let F be a Higgs subsheaf of E, with rkðF Þ ¼ p. Let G be the Higgs bundle ðG; cÞ, where G ¼ V p E n detðF Þ À1 , and c is the Higgs field naturally induced on G by the Higgs fields of E and F. The inclusion F ,! E induces a morphism detðFÞ ! V p E, and, tensoring by detðFÞ À1 , we obtain a c-invariant section of G. Now, it is not di‰cult to check that the Higgs bundle G admits an approximate Hermitian-Yang-Mills structure, with constant
By Corollary 2.9 we have c G f 0, so that E is semistable.
Metric characterization of numerical e¤ectiveness for Higgs bundles
The usual definitions of numerically e¤ective line and vector bundle, which are given in terms of embedded curves, are not appropriate in the Kähler case since a Kähler manifold need not contain curves. The approaches by Demailly, Peternell and Schneider [9] and by de Cataldo [7] rely on a definition of numerical e¤ectiveness in terms of fibre metrics. In particular, de Cataldo considers metrics on the bundle E, and this approach seems to be well suited to an extension to the case of Higgs bundles, again implementing the idea that the transition from the ordinary to the Higgs case is obtained by replacing the Chern connection with the Hitchin-Simpson connection.
3.1. Numerically e¤ective Higgs bundles. De Cataldo's formalism rests on the following terminology. Let V , W be finite-dimensional complex vector spaces, and let y 1 , y 2 be Hermitian forms on V n W . Let t be any positive integer; one writes y 1 f t y 2 if the Hermitian form y 1 À y 2 is semipositive definite on all tensors in V n W of rank r e t (where the rank is that of the associated linear map V Ã ! W ). Of course the relevant range for t is 1 e t e N ¼ minðdim V ; dim W Þ.
If X is a compact Kähler manifold of dimension n and ðE; hÞ is a rank r Hermitian vector bundle on X , equipped with a connection D, we may associate with the curvature R of D an Hermitian formR R on T X n E, defined bỹ
where R ð1; 1Þ is the ð1; 1Þ part of R. According to de Cataldo, the Hermitian bundle ðE; hÞ is t-nef if for every x > 0 there exists an Hermitian metric h x on E such that R R ðE; h x Þ f t Àxo n h x .
(ii) Since the ð1; 1Þ part of the Hitchin-Simpson curvature of a Higgs line bundle coincides with the Chern curvature, a Higgs line bundle is 1-H-nef if and only if it is 1-nef (as an ordinary bundle). More generally, sinceR R ðE; hÞ f tR R ðE; hÞ , if E is t-nef then E ¼ ðE; fÞ is t-H-nef for every choice of the Higgs field f.
(iii) An Hermitian flat Higgs bundle is t-H-nflat for every t. s
In the next propositions we establish some basic properties of t-H-nef Higgs bundles on a compact Kähler manifold X . Proof. This is proved as in [7] , Proposition 3.2.1(1). r Proposition 3.4. Let E ¼ ðE; f E Þ and F ¼ ðF ; f F Þ be Higgs bundles. If E is t 0 -H-nef and F is t 00 -H-nef, then E n F ¼ ðE n F ; rÞ is t-H-nef, where
rðe n f Þ 7 ! f E ðeÞ n f þ e n f F ð f Þ and t ¼ minðt 0 ; t 00 Þ. Proof. The proof is as in [9] , Proposition 1.15(iii). Let r ¼ rkðEÞ and p ¼ rkðSÞ. By taking the ðp À 1Þ-th exterior power of the morphism E Ã ! S Ã obtained from the exact sequence in the statement, and using the isomorphism S F V pÀ1 S Ã n detðSÞ, we get a surjection V pÀ1 E Ã ! S n detðSÞ À1 . Tensoring by detðSÞ F detðEÞ n detðQÞ À1 we eventually obtain a surjection V rÀpþ1 E n detðQÞ À1 ! S. Propositions 3.4 and 3.7 now imply the claim. r Proposition 3.9. An extension of 1-H-nef Higgs bundles is 1-H-nef.
Proof. Let us consider an extension of Higgs bundles
where F and G are 1-H-nef. Then for every x > 0 the latter bundles carry Hermitian metrics h ðF; xÞ and h ðG; xÞ such that R R ðF; h ðF; x=3Þ Þ f 1 À x 3 o n h ðF; x=3Þ ;R R ðG; h ðG; x=3Þ Þ f 1 À x 3 o n h ðG; x=3Þ :
Fixing a C y isomorphism E F F l G, these metrics induce an Hermitian metric h x on E. A simple calculation, which involves the second fundamental form of E, shows that R R ðE; h x Þ f 1 Àxo n h x , so that E is 1-H-nef (details in the ordinary case are given in [7] ). r 3.2. Numerical e¤ectiveness and semistability. We study here the relations between the metric characterization of the numerical e¤ectiveness of Higgs bundles and their semistability. The following result will be a useful tool. 
For x ranging in the interval ð0; 1 the masses of the currents T x þ xo are uniformly bounded from above, so that the sequence fT x þ xog contains a subsequence which, by weak compactness, converges weakly to zero. (For details on this technique see e.g. [8] .) Therefore, the Lelong number of T x at each point x A X (which coincides with the vanishing order of s at that point) is zero [24] , which implies that s has no zeroes. r Theorem 3.11. A 1-H-nflat Higgs bundle E ¼ ðE; fÞ is semistable.
Proof. Since E is 1-H-nef for every x > 0 it carries an Hermitian metric h x such that R R ðE; h x Þ f 1 Àxo n h x . As the mean curvature K ðE; h x Þ may be written in the form
R ðE; h x Þ ðe i n s; e i n sÞ;
where the e i 's are a unitary frame field on X , one has K ðE; h x Þ ðs; sÞ e 2pnxh x ðs; sÞ:
On the other hand, since detðEÞ À1 is 1-H-nef, the Higgs bundle As c 1 ðEÞ ¼ 0 because detðEÞ is 1-nflat [9] , Corollary 1.5, after rescaling x these equations imply jK ðE; h x Þ j e x, so that E is semistable by Theorem 2.5. r
A characterization of 1-H-nflat Higgs bundles.
The next lemmas will be used in the proof of Theorem 3.16, which is one of the main results in this paper. Proof. This follows again from the fact that E Ã F V rÀ1 E n detðEÞ À1 is an isomorphism of Higgs bundles. r Proof. This is already contained in [9] , Cor. 1.19, but for the reader's convenience we give here a proof. For every x > 0 one has on L an Hermitian metric k x satisfying the inequality
By the same argument as in the proof of Proposition 3.10, if degðLÞ ¼ 0 by taking the limit x ! 0 one shows that c 1 ðLÞ ¼ 0, so that L is Hermitian flat. r Lemma 3.14. If the Higgs bundle E is 1-H-nflat, and fh x g is a family of metrics which makes E 1-H-nef, then the family of dual metrics fh
Proof. The determinant line bundle detðEÞ is 1-nef with respect to the family of determinant metrics fdet h x g. The dual line bundle det À1 ðEÞ is 1-nef as well, and it is such with respect to a family faðxÞ det À1 h x g, where the homothety factor aðxÞ only depends on x [9], Cor. 1.5. From the isomorphism E Ã F V rÀ1 E n det À1 ðEÞ (where r ¼ rkðEÞ) we see that E Ã is made 1-H-nef by the family of metrics fh Proof. As before, let us denote by kR ðE; h x Þ k 2 the scalar product of the HitchinSimpson curvature with itself obtained by using the Hermitian metric of the bundle E and the Kähler form on X (thus, kR ðE; h x Þ k is a function on X ). Note that in terms of a local orthonormal frame fe a g on X and a local orthonormal basis of sections fs a g of E we may write
a; a ÀR R ðE; h x Þ ðe a n s a ; e a n s a Þ Á 2 :
Since E is 1-H-nef, for every x > 0 there is an Hermitian metric h x on E such that R R ðE; h x Þ f 1 Àxo n h x . Taking Lemma 3.14 into account, for every x we have the inequalities
x fR R ðE; h x Þ ðe a n s a ; e a n s a Þ f Àx:
So we have kR ðE; h x Þ k e a 1 x for some constant a 1 . In the same way we have kK ðE; h x Þ k e a 2 x for some constant a 2 .
Assume that n ¼ dim X > 1. Proof. Assume that E has such a filtration. Then any quotient of the filtration is 1-H-nflat, and the claim follows from Proposition 3.9.
To prove the converse, let F be a Higgs subsheaf of E of rank p. We have an exact sequence of Higgs sheaves
where G is not necessarily locally-free. Since detðEÞ is 1-H-nflat we have c 1 ðEÞ ¼ 0. By Theorem 3.11, V p E is semistable, so that degðF Þ e 0. Let h x be a family of Hermitian metrics which makes E a 1-H-nef Higgs bundle, and let h p x be the induced metrics on V p E.
After rescaling the dual metrics ðh p x Þ Ã we obtain a family of metrics which makes V p E Ã a 1-H-nef Higgs bundle (cf. Lemma 3.14). Let U be the open dense subset of X where G is locally free; then the metrics ðh p x Þ Ã induce on detðFÞ À1 jU metrics making it 1-H-nef. These metrics extend to the whole of X , since they are homothetic by a constant factor to the duals of the metrics induced on detðFÞ by the metrics on V p E. Thus, detðFÞ À1 is 1-H-nef. If degðF Þ ¼ 0 by Lemma 3.13 detðFÞ is Hermitian flat, so that V p E n detðFÞ À1 is 1-Hnflat. Then by Proposition 3.10 the morphism of Higgs bundles detðFÞ ! V p E has no zeroes, so that G is locally-free.
In view of Lemma 3.15 we may assume that E is not stable. Let us then identify F with a destabilizing Higgs subsheaf of minimal rank and zero degree. We need F to be reflexive; we may achieve this by replacing F with its double dual F ÃÃ . By [9] , Lemma 1.20, F is locally-free and a Higgs subbundle of E. Now, F Ã is 1-H-nef because it is a Higgs quotient of E Ã , while F is 1-H-nef by Corollary 3.8, so that F is 1-H-nflat. Since F is stable by construction, by Lemma 3.15 it is Hermitian flat. The existence of the filtration follows by induction on the rank of E since the quotient E=F is locally-free and 1-H-nflat, hence we may apply to it the inductive hypothesis. r 3.4. Projective curves. We conclude this section by proving two results that hold when X is a smooth projective curve. The first proposition generalizes results given in [14] , [5] , [4] . Proposition 3.17. If a Higgs bundle E on X is semistable and degðEÞ f 0, then E is 1-H-nef.
Proof. If E is stable it admits an Hermitian-Yang-Mills metric h, so thatR R ðE; hÞ ¼ ch with c f 0 (note that we essentialy identifyR R ðE; hÞ with the mean curvature since we are on a curve). Then E is 1-H-nef.
If E is properly semistable, we may filter it in such a way that the quotients of the filtration are stable Higgs bundles of nonnegative degree. By the previous argument, every quotient is 1-H-nef. One then concludes by Proposition 3.9. r
In [16] Hartshorne gives a characterization of ample vector bundles of rank 2 on a smooth projective curve. Our next result generalizes this to 1-H-nef Higgs bundles of any rank on a smooth projective curve. A similar statement might be easily obtained for the ample case. This also partly generalizes [7] , Theorem 3.3.1.
Proposition 3.18. Let E be a Higgs bundle of nonnegative degree over a smooth projective curve X , whose locally-free Higgs quotients are all 1-H-nef. Then E is 1-H-nef.
Proof. One may consider two cases:
1. If E is semistable then by Proposition 3.17 it is 1-H-nef.
2. If E is not semistable, then it has a semistable Higgs subbundle K with mðKÞ > mðEÞ, so that one has an exact sequence of Higgs bundles 0 ! K ! E ! Q ! 0. Since degðEÞ f 0, then degðKÞ > 0, and again by Proposition 3.17 we have that K is 1-Hnef. Thus E is an extension of 1-H-nef Higgs bundles, so that it is 1-H-nef by Proposition 3.9. r Remark 3.19. It seems useful to state in a close way the relations between the conditions of 1-H-nefness and semistability in the case of Higgs bundles on curves. So, let X be a complex smooth projective curve, and E ¼ ðE; fÞ a Higgs bundle on X . Let d ¼ degðEÞ.
On the other hand, if E is 1-H-nef and d 3 0, then it need not be semistable (an example is provided by a direct sum of 1-H-nef Higgs bundles of di¤erent slopes). However, if E is 1-H-nef and d ¼ 0 (i.e., it is 1-H-nflat) we know it is semistable (Theorem 3.11; this also follows from [4] , Corollary 3.6, since, as we shall see in the next section, on a curve the notions of H-nefness and 1-H-nefness coincide). s
The projective case
In our previous paper [4] we gave a definition of numerical flatness for Higgs bundles on smooth projective varieties. In this section we want to compare it with the definition we have given here in the case of Kähler manifolds. We start by briefly recapping the situation in the projective case.
Grassmannians of Higgs quotients. Our definition of H-nefness for Higgs bundles on projective varieties requires to consider Higgs bundles on singular spaces (the Higgs
Grassmannians whose definition we are going to recall in this section, see also [5] , [4] ). As we shall see, Higgs Grassmannians are locally defined as the zero locus of a set of holomorphic functions on the usual Grassmannian varieties, and are therefore schemes. For such spaces there is well-behaved theory of the de Rham complex [15] , which is all one needs to define Higgs bundles. Let us in particular notice that Higgs bundles on schemes are well-behaved with respect to restrictions to closed subschemes. Indeed, if E ¼ ðE; fÞ is a Higgs bundle on a scheme X , and Y ,! X is a closed immersion, due to the isomorphism
by composing the restriction f jY :
Moreover, the Chern classes we shall be using in that case may be regarded as those in the Fulton-MacPherson theory, cf. [13] .
Thus, let X be a scheme over the complex numbers. Given a rank r vector bundle E on X , for every positive integer s less than r, let Gr s ðEÞ be the Grassmann bundle of s-planes in E, with projection p s : Gr s ðEÞ ! X . This is a parametrization of the rank s locally-free quotients of E. There is a universal exact sequence
of vector bundles on Gr s ðEÞ, with S rÀs; E the universal rank r À s subbundle and Q s; E the universal rank s quotient bundle [13] .
Given a Higgs bundle E, we may construct closed subschemes Gr s ðEÞ H Gr s ðEÞ parametrizing rank s locally-free Higgs quotients. With reference to the exact sequence eq. (10) there is a morphism g : Y ! Gr s ðEÞ such that f ¼ r s g and F F g Ã ðQ s; E Þ as Higgs bundles. Therefore, the scheme Gr s ðEÞ will be called the Grassmannian of locally-free rank s Higgs quotients of E, and Q s; E will be called the rank s universal Higgs quotient vector bundle.
It is useful to introduce the following numerical classes
where, for every projective scheme Z, we denote by N 1 ðZÞ the vector space of R-divisors modulo numerical equivalence: (ii) The line bundle detðEÞ is nef.
If both E and E Ã are Higgs-numerically e¤ective, E is said to be Higgs-numerically flat (H-nflat).
If the Higgs field is zero (i.e., E is an ordinary vector bundle) this definition reduces to the usual one. [21] . In [5] a criterion was given for characterizing semistable Higgs bundles with vanishing D class on complex projective manifolds of any dimension in terms of the nefness of a certain set of divisorial classes (it is interesting to note that Higgs bundles of this type have the property of being semistable after restriction to any curve in the base manifold). Analogous criteria have been formulated for principal bundles on complex projective manifolds [2] , and more generally for principal bundles on compact Kähler manifolds [3] .
We discuss now three equivalent conditions of this kind. One of these is stated in terms of the Higgs bundles T s; E ¼ S Ã rÀs; E n Q s; E on the Higgs Grassmannians Gr s ðEÞ. For an ordinary vector bundle E, the bundle T s; E is the vertical tangent bundle to p s : Gr s ðEÞ ! X . Theorem 4.9. Let E ¼ ðE; fÞ be a rank r Higgs bundle on a complex projective manifold X . The following three conditions are equivalent:
(i) The Higgs bundle F ¼ S r ðEÞ n ðdet EÞ À1 is H-nflat.
(ii) E is semistable and DðEÞ ¼ c 2 ðEÞ À r À 1 2r c 1 ðEÞ 2 ¼ 0.
(iii) The Higgs bundles T s; E are all H-nef.
Proof. We first prove that (i) implies (ii). Since detðFÞ is trivial, the dual Higgs bundle F Ã is H-nef as well, i.e., F is H-nflat, hence semistable by [4] , Theorem 3.1. Then, the Higgs bundle F n F Ã F S r ðEÞ n S r ðE Ã Þ is semistable. This implies that E is semistable.
One also has that S r ðEÞ n S r ðE Ã Þ is H-nflat so that its Chern classes vanish by [4] Finally, we prove that (iii) implies (ii). Note that the class y s; E defined in equation (13) equals ½c 1 ðT s; E Þ, so that if T s; E is H-nef, the class y s; E is nef. This holds true for every s ¼ 1; . . . ; r À 1. It was proved in [5] that this is equivalent to condition (ii) in the statement. r Remark 4.10. In [5] it was proved that condition (ii) is fulfilled if and only if all classes l s; E are nef. It may be interesting to check directly that the latter condition is equivalent to condition (i) in our Theorem 4.9.
If F ¼ S r E n detðEÞ À1 is H-nef, since c 1 ðF Þ ¼ 0 it is also H-nflat, so that all its Higgs quotients are nef in the usual sense (see [4] Conversely, if l s; E is nef, the Q-Higgs bundle Q s; E n r Ã s À detðEÞ À1=r Á is nef. Since this is true for every s, the Q-Higgs bundle E n detðEÞ
À1=r is H-nef; by taking the r-th symmetric power we obtain that F is H-nef. s Example 4.11. We give an example of an H-nef Higgs bundle which is not nef as an ordinary bundle. Let X be a projective surface of general type that saturates MiyaokaYau's inequality, i.e., 3c 2 ðX Þ ¼ c 1 ðX Þ 2 (surfaces of general type satisfying this condition are exactly those that are uniformized by the unit ball in C 2 [22] ). The Higgs bundle E whose underlying vector bundle is E ¼ W X l O X with the Higgs morphism fðo; f Þ ¼ ð0; oÞ is semistable and satisfies DðEÞ ¼ 0, so that the Higgs bundle F ¼ S 3 ðEÞ n ðdet EÞ À1 is 1-H-nef. On the other hand, the underlying vector bundle
X as a direct summand and therefore is not nef (note that we exclude that K X is numerically flat). s From this example we see that if X is a projective surface of general type for which the Miyaoka-Yau inequality holds strictly, i.e., 3c 2 ðX Þ > c 1 ðX Þ 2 , then there are curves C in X such that the restriction of the Simpson system E ¼ W X l O X to C is not semistable. It would be interesting to investigate what this tells us about the geometry of such curves.
As a finale example, we note that the criterion expressed in Theorem 4.9 allows one to relate the semistability of a vector bundle E with the nefness of the tangent bundle to the total space of the Grassmann varieties of E.
Example 4.12. Let X be a complex projective manifold, and E a rank r vector bundle on X . Let us choose an integer s such that 0 < s < r, and consider the exact sequence 0 ! T Gr s ðEÞ=X ! T Gr s ðEÞ ! p Ã s ðT X Þ ! 0:
We have the following results:
(i) If E is semistable and DðEÞ ¼ 0, and T X is nef, then T Gr s ðEÞ is nef. Since the tangent bundles to the fibres of the projection T Gr s ðEÞ ! T X are nef, the fact the E is semistable and has vanishing discriminant appear to be the conditions for these bundles to glue to a nef bundle on Gr s ðEÞ.
(ii) If T Gr s ðEÞ and K À1 X are nef, then E is semistable and DðEÞ ¼ 0.
(iii) As a consequence, when T X is numerically flat (e.g., X is an Abelian variety, or a hyperelliptic surface) then T Gr s ðEÞ is nef if and only if E is semistable and DðEÞ ¼ 0. s
